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Abstract. Theoretical studies of physical processes and phenomena in the zone of physical interaction of 

nanoinstruments with the surfaces of elements of microsystem technology are carried out in work. Based on the 

conducted research, mathematical models of energy heat exchange in the zone of physical contact of nanometric 

dimensions were compiled, and their analytical solution was obtained using the Fourier method of separation of 

variables and Goodman’s integral method. Simultaneously, the energy components of the processes in the 

nanocontact zone were considered. The numerical solution of the mathematical model of energy heat exchange in the 

zone of physical nanocontact was carried out using a software application based on the finite element method. The 

results were checked according to the equivalent thermal scheme to confirm the adequacy and accuracy of the 

obtained models. As a result, the mechanisms of energetic interaction of the nanoinstrument with the surfaces of the 

elements of microsystem technology devices were clarified. It is shown that the use of the proposed method of 

equivalent thermal circuits for the evaluation of mathematical models of the energy interaction of nanoinstruments 

with the surfaces of microsystem technology device elements, as well as the further study of the distribution of 

thermal fields in the nanocontact zone, differs from other numerical and analytical methods in terms of sufficient 

accuracy and speed of calculations. At the same time, it was established that the discrepancy between the results of 

mathematical modeling and the results obtained according to the equivalent thermal scheme does not exceed 5-8 %. 

Keywords: energy heat exchange, mathematical modeling, physical contact, thermal energy, process innovation, 

equivalent thermal circuit.

1 Introduction 

The intensive development of modern 

microelectronics and microsystem technology requires 

modern engineering sciences and technologies to comply 

with strict requirements for further miniaturization, 

increasing the functionality and manufacturability of 

elements of microdevices and systems based on them [1]. 

Compliance with such requirements is due, first of all, 

to the qualitative and quantitative growth of indicators of 

operational parameters of these devices, such as [2]: 

operating speeds, frequencies, and duration of operation, 

with a simultaneous increase in indicators of their 

reliability and accuracy. Simultaneous fulfillment of such 

mutually exclusive requirements is possible by observing 

the high stability of geometric shapes and sizes, as well as 

the physical and mechanical characteristics of 

microsystem technology devices in the process of their 

manufacture and operation [3, 4]. This, in turn, requires 

considering various physical processes that occur during 

the contact interaction between the elements of 

microsystem technology devices, both during their 

operation and during the manufacture and control of these 

elements with specialized nanoinstrumentation. 

At the same time, physical processes (especially 

energy ones) that occur in the contact zone of nanometric 
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instruments with the surface are little studied and are 

limited by known laws, which are based on the laws of 

classical physics for macro-objects [5, 6]. 

2 Literature Review 

The issue of mathematical modeling of energy 

processes in micro- and nanosystems was considered by 

many scientists, such as Awrejcewicz J., Belmiloudi A., 

Hegde V., Laurencot Ph., Nik K., Ravikumar H.M., 

Senturia S.D., Walker Ch. and others [7-10]. 

However, in the scientific works of these scientists, the 

thermodynamic processes that occur during contact in the 

zone of interaction of a nanometer-sized tool with 

elements of microsystem technology have not been 

investigated. 

Thus, an urgent issue is developing a mathematical 

model of energy heat exchange in the zone of physical 

contact of nanometric instruments with the surfaces of 

elements of microsystem technology. 

The work aims to increase the accuracy and speed of 

determining the parameters of stable operation of 

nanometric instrumentation during its contact with the 

surfaces of elements of microsystem technology by 

developing a mathematical model of energy heat 

exchange in the zone of their physical contact. 

Therefore, in the presented work, mathematical 

(analytical and numerical) modeling of the energy 

interaction of nanoinstruments with the surfaces of 

elements of microsystem technology is carried out, and 

the results are confirmed by the method of equivalent 

thermal circuits. 

Thermal calculations are based on a complex of 

nonlinear, non-stationary equations that consider the 

nanotool’s shape, dimensions, and thermophysical 

characteristics and the surfaces with which the interaction 

occurs [11]. 

Simultaneously, only heat exchange by heat transfer 

was considered (convective and radiant types of heat 

exchange were not considered due to their 

insignificance). It also does not take into account the 

energy impact on the nanotool and the surface in the 

contact zone from the action of external electric and 

electromagnetic fields when conductive diamagnets are in 

contact or, in the case of dielectric diamagnets, due to 

their insignificant effect due to the additional 

neutralization of surface charges during the interaction of 

the nanotool with the surface [12]. 

Conducting thermal calculations consists of compiling 

and analytically solving mathematical models of heating 

individual elements of microsystem technology devices 

when a nanoinstrument acts on them with the 

involvement of the inverse integral Fourier transform 

method [13]. 

Among the elements for which thermal calculations 

were carried out [14] is the surface of the object of 

interaction, the tip of the tool, and the cantilever, to which 

the nanotool is attached. 

3 Research Methodology 

3.1 General formulation of a problem 

The electrically conductive (Au-999 gold coating) 

surfaces of the conductive collector’s rings 

(3×3.0×0.1 mm) with an atomically smooth surface were 

chosen as model elements that were affected by the 

nanoinstrument. CSC38/No Al (Mikrotech) cantilever 

with a length of 12–18 μm and a conical tip made of 

single-crystal (n-Si(111) silicon), with a radius of 8 nm 

and a tip angle of 40 placed at its end was chosen as the 

tool model. Such a tool can be used as a measuring tool 

in scanning probe microscopy and for surface 

modification of surfaces in nanoprocessing technologies. 

The energy scheme in the zone of contact of nanometric 

dimensions is shown in Figure 1. 

 

Figure 1 – Scheme of heat exchange in the zone of physical 

contact of nanometric dimensions (heat losses: Q1 – during 

mechanical friction of the nanotool on the interaction surface; 

Q2 – under the action of electromagnetic fields and electric 

charge; Q3 – when bending the nanotool;  

Q4 – when turning the nanotool) 

3.2 Mathematical model of heating an interaction 

object 

The thermal effect on the object of interaction 

(sample) is carried out by physical friction of the 

nanotool on its surface during the interaction of this 

sample in the contact mode. The total heat flow is 

uniformly distributed in the study area over the sample’s 

surface (Figure 2). 

 

Figure 2 – Scheme of heating the working surface of the 

sample: qn(t) – the surface heat flux density, W/m2 

It is assumed that ∂T/∂x = ∂T/∂y = 0 (heat distribution 

occurs only in the depth of the plate) and 

δ = 2(a0
2τ)½ << Н (thermal effects are superficial, and 

heat exchange on the bottom side of the plate is not 

considered). 

The equations of the mathematical model of sample 

heating (thick plates) have the following form: 
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 (1) 

; ;   

.  (2) 

Taking into account CV(T) and λ(T), as well as using 

the direct-inverse cosine Fourier transform along the z 

coordinate [15, 16], using the sequence of actions 

considered in [17], we find a general solution to the 

original problem: 

 (3) 

3.3 Mathematical model of heating a cantilever 

During the operation of the nanoinstrument, a 

uniformly distributed heat flow arrives on the free 

(unfixed) surface of its cantilever qn(t) (Figure 3): 

   (4) 

where P0 – the power of the heat flow acting on the 

cantilever from the outside, W. 

 

Figure 3 – Scheme of heating the free surface of the cantilever: 

B, H, L – width, thickness, and length of the cantilever, 

respectively, m; qn(t) – the surface heat flux density, W/m2 

As a model, a plate is considered, for which heat 

distribution occurs only deep into the plate: , 

as well as the depth of the zone of thermal influence 

δ = Н, i.e., heat exchange on the bottom side of the plate, 

is considered. When interacting with the plate, it is 

assumed that radiation heat exchange with the 

surrounding medium occurs on the plate’s bottom side. 

To find the values of T(z, t), the following nonlinear 

equations of thermal conductivity are used [17]: 

 (5) 

with the initial condition 

   (6) 

and boundary conditions 

; , (7) 

where Tс is the ambient temperature, K; λ(Т), СV(Т) are 

thermal conductivity coefficient, W/(m.K), and 

volumetric heat capacity, J/(m3.K), of the plate material, 

respectively; ε is the blackness coefficient of the radiating 

surface; σ = 5.67.10–8 W/(m2·K4) is the Stefan–Boltzmann 

constant. 

At the same time, empirical dependencies 

CV(Т) = CV0Tν, λ(T) = λ0Tn 18 are taken into account in 

equations (5)-(7). 

To solve the formulated nonlinear thermal problem 

(5)-(7), the method of substitution of variables, the 

Goodman integral method [19], and the previously 

mentioned method of Fourier transformation [20] were 

applied for the function T(z, t) [17]: 

 

 (8) 

3.4 Mathematical model of heating a tip of the 

nanoinstrument 

A solid hemispherical element of radius R in a range of 

8-10 nm made of silicon is considered as the tip of the 

tool (Figure 4). 

 

Figure 4 – Scheme of heating a hemispherical element:  

R – the radius of the element, m; qn(t) – the surface density  

of thermal influence, W/m2; r, θ, φ – spherical coordinates 

The depth of penetration of the heat wave into the tip 

δ = 2(a0
2τ)½ = 5.78.10–9 m. Since the depth of penetration 

of the heat wave into the tip of the tool is less than its 

radius (R > δ), it can be considered as a symmetric 

hemispherical element, the outer surface of which is 

heated by the heat flow arising as a result of the friction 

of this element on the surface of the sample. As a result, 

the total heat flow ∂T/∂φ = ∂T/∂θ = 0, uniformly 

distributed over the surface, is formed. Convective and 

radiative heat losses are not considered. 

Equations of the mathematical model of heat 

distribution in a hemispherical element have the form: 

; (9) 

; ;    

; .   (10) 

Using the method of separation of variables (Fourier 

method [20]) and taking into account qn(t) ≡ qn0 = const, 

as well as using the method of calculation according to 

formulas (1)-(3), the desired solution of the problem is 

obtained: 
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  (11) 

where μn – the root of the characteristic equation 

J(μ) = 0. 

4 Results 

4.1 Numerical simulation results 

For the numerical solution of the mathematical model 

of the process of heating nanoinstruments and elements 

of microsystem technology, the finite element method 

was used, which has proven itself well, for example, in 

researching new instrumental materials [22, 23].  

The solution of the mathematical model of the energy 

effect in the zone of interaction of the nanoinstrument 

with the surface, as well as the study of the distribution of 

thermal fields, is implemented with the help of a software 

module [24]. The software module allows obtaining and 

investigating the thermal field distribution on the surface 

and in the volume of objects of nanometric dimensions 

with specified thermophysical properties. 

Known values of geometric parameters and 

thermophysical characteristics of the materials from 

which both the elements of the nanometric tool and the 

objects with which this tool interacted and which are 

included in the expressions (3), (8), and (11) were used 

for the calculations. It was established that the most 

significant heat release occurs in the contact zone of the 

tool’s tip with the surface (Figure 5). 

 

Figure 5 – Distribution of heat release in the zone of physical 

contact of nanometric dimensions (according to the results  

of analytical calculations) 

4.2 Evaluation of the mathematical models 

Mathematical heat exchange models were coordinated 

according to the heat balance scheme, in which the joint 

heat contribution was evenly distributed among all 

elements participating in heat exchange. 

Simultaneously, the thermophysical properties of the 

materials from which these elements were not considered. 

An equivalent thermal scheme (Figure 6) was drawn up 

and investigated to assess the adequacy of the considered 

heat exchange models based on thermal resistances 

connected to a thermal network. 

 

Figure 6 – Equivalent thermal scheme in the nanocontact zone 

(heat losses: Q1 – during mechanical friction of the tip of the 

tool on the examined surface; Q2 – under the action of 

electromagnetic fields and electric charge; Q3 – when bending 

the cantilever; Q4 – when the cantilever is twisted;  

Сc, Сp, Сs – specific heat capacities of the material of the 

cantilever, the tip of the tool, and the sample, respectively;  

Мb, Мt – energy dissipations resulting from the action of 

mechanical moments of bending and torsion of the cantilever) 

Such a network simulates how heat flows are 

transferred into the nanocontact zone and provide an 

analogy of the heat flow with an electric current [25]. 

The diodes between the blocks on the equivalent 

thermal circuit are informative and determine the 

predominant direction of heat transfer between different 

functional blocks of the equivalent circuit. 

After considering the features of the equivalent thermal 

scheme (Figure 6), the thermal models of heating in the 

nanocontact zone were compiled: 

 (12) 

where Сp, Сs, Сc are coefficients of heat capacity of the 

materials of the tip of the tool, the sample, and the 

cantilever, respectively; λs, λc are thermal conductivity 

coefficients of sample and cantilever materials, 

respectively; Рs, Рc are heat losses on the sample and 

cantilever. 

5 Discussion 

System of differential equations (13) is the thermal 

model of heating individual elements in the contact zone 

of nanoinstrumentation with the surfaces of elements of 

microsystem technology. 

The numerical solution of these systems of equations 

was carried out in the “ELCUT” software application and 

made it possible to conclude the primary heat 

consumption and energy impact in the zone of contact of 

the nanoinstrument with the surface. 

It was established that the most significant heat release 

in the contact zone (about 70 %) occurs as a result of the 

friction of the nanotool on the surface, which is more than 

five times higher than the heat loss due to the bending of 

the cantilever, which fully confirms the results of the 

analytical calculation. 
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6 Conclusions 

Thus, as a result of theoretical studies of 

thermophysical processes and phenomena that take place 

during the interaction of nanoinstruments with the 

surfaces of elements of microsystem technology, 

mathematical models of energy heat exchange in the zone 

of physical contact of nanometric dimensions were 

obtained, and their analytical solution was proposed. 

A numerical calculation of the mathematical model of 

energy heat exchange in the zone of physical nanocontact 

was carried out. This calculation was carried out using 

the developed software application based on the finite 

element method. 

The obtained analytical modeling results were checked 

using the equivalent thermal scheme, which allowed 

justifying the models’ adequacy and accuracy. It is shown 

that the use of the proposed method of equivalent thermal 

circuits for the evaluation of mathematical models of the 

energy interaction of nanoinstruments with the surfaces 

of microsystem technology device elements, as well as 

the further study of the distribution of thermal fields in 

the nanocontact zone, differs from other numerical and 

analytical methods in terms of sufficient accuracy and 

speed of calculations. 

It was established that the most significant heat release 

in the contact zone occurs due to the friction of the 

nanotool on the surface, which is more than five times 

higher than the second most significant heat loss, which 

occurs due to the bending of the cantilever. This fully 

confirms the analytical calculation results, and the 

discrepancy between the results of mathematical 

modeling and the results obtained by the equivalent 

thermal scheme is 5-8 %. 
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